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  ,   -

,      . 

,   ( )  if  -

     : 

( ) , 0 1,i i i xf f x i N= + ≤ ≤ −η  

 ( )f x  –   ( ),    ( )  

ix     ( ) iη . 

     : 

, ,( , ) , 0 1, 0 1,i j i j i j x yf f x y i N j N= + η ≤ ≤ − ≤ ≤ −  
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      ,   
       ( -

    ). 
      : 
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 . 
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,     ,   -
      ,    

   « » .  , 
      ( -

 ),     (  
   )      

 .  
      -

         -
  ,    -

    .    -
   ,    .   

     if  (  ,i jf )  -
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•      (  -
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  «  »    -

     ,     
,     (  

, )  ( ,  
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 ,      
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   . 
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      , -
      -
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,       « » -
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 «  »  «  » (  « -

 »).     ,   
      -

, . .   ˆ ( )f x    ( )f x .    

        
  .      -

   . 
     -

     ,   –  -
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 1.   -   
    

 
        

- ,    
 ,       
  MathCAD.       

      -
. 

 
1.1.  -  

   - ,   -
  -  . 

 
1.1.1.  -  

       -
    . ,  

   ( )  
(    – -   

)    : 

•   ( ) ( ) 2 i xF f x e dx
∞

−∞

− π υυ = ;          (1.1.1) 

•   ( ) ( ) 2 i xf x F e d
∞

−∞

π υ= υ υ ,         (1.1.2) 

 1i = − ; υ  – , .  

     ( )f x  -

    [ ]1L R , . . 

( )f x dx
∞

−∞

< ∞  

   [ ]2L R  –    
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( )
2

.f x dx
∞

−∞

< ∞  

         
       

 ,      -
     -

.  
  : 

•      -
       ( -

, ,   . .),       -
 « »     ; 

•   ( )exp i x     -

  « »  (  ),   
        . 
          

   (  ); 
•        -

        ,   
       -

  . 
 
1.1.2.    

       -
       , -

  .      
    ,   

       -
.      -

 ( - )  ,  
      « » -

.      
,       -
   .   -   -

     -
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,       .   -
         

  .    

 ( )w x       

 .  ,    
      -

,     ( )w x ,   

       -
 –     .    

    . 

      -
 

( ) ( ) ( ), i xF b f x w x b e dx
∞

− ω

−∞

ω = − .              (1.1.3) 

 ( )w x b−     (    -

)      x ,  -
 b     .     

   kb    k bb k= Δ . 

       -

  ( ( ) 1w x =      0   ),  

    ( , ,   .), 
       -

        
.          
    .  -

        
. 

,      

( )( )exp i xω      (  T → ∞   δ  – 

   )      -
 (       − ∞   

 ∞ ).         
 (   - )   
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   ,    -
   ,     .   

 - . 
 
1.1.3.   -   -

  

 « » (wavelet)      
«  ( ) ».  –    

    ,  
     ,      -

    ( )     -
   . -   

     , -
    .  , -  

   (CWT)   (DWT). , 

  ( )f x       ( ),R −∞ ∞   

  ( )2L R , . . ( )
2

f x dx
∞

−∞

< ∞ . 

 -  (CWT)  

( ) ( )2f x L R∈      [1, 30, 31]: 

( ) ( ) ( ) ( ) ( ), , , , ,C a b f x a b x f x a b x dx
∞

−∞

= ψ = ψ ,     (1.1.4) 

                                                                            ,a b R∈ , 0a ≠ , 

  ( ) ( ), , aba b x xψ ≡ ψ  –    -

   ( ) ( )2x L Rψ ∈ ,   -

    ( )2L R . -  ( )xψ   

  , . . ( ) 0x dx
∞

−∞

ψ =   - , -

  ( )Ψ ω . 

      -
    –     -

       ,  -
     .    -
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 ,   ( )2L R   -

    ,     
 1.       -

      (   

 ): ( ) ( ),b x x bψ ≡ ψ − ,   b     -

  .     

  ( )2L R     

      

: ( )
1 2

,
x

a x a
a

−
ψ = ψ .     -

  (    « a »),   
«  »  ,    (  

)     .  , 

     ( )x b−    -

       , 
     « a » (   

 ( )x b−   ) « »   -

      . 
      -
       

   ( ) ( )2x L Rψ ∈ : 

( )1
2( , , )

x b
a b x a

a

− −
ψ = ⋅ψ ; ,a b R∈ ; 0a ≠ .      (1.1.5) 

 ,    ( ), ,a b xψ    

( )xψ ,     
1 2

a
−

.  -

  1   ( )xψ     

  .      

 ,   ( ), ,a b xψ    

    ( )2L R . 

 . 1.1  ,   -
 . 
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                                                                                 1.1 

    
HAAR-  

( )

11, 0 ;2
11, 1;2

0, 0, 1

x

x x

x x

≤ ≤

ψ = − ≤ ≤

< ≥

 

FHAT-  
(«  » –  
French hat) ( )

11, ;3
1 1, 1;2 3
0, 1

x

x x

x

≤

ψ = − ≤ ≤

>

 

MHAT-  
(«  » 
– Mexican hat) 

( ) ( )
2

21 exp
2

x
x xψ = − −  

 
 1.1.1.  . 1.1   MHAT-   

    a     0b = . 
  (  1)  1a = ,   ( -

 2) – 2a = . ,     a  « » 
-  (    -   

( . . 1.1 )),    – « » -
 (   ).   

 

 
)                                                  ) 

 

. 1.1.    -  
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   -  (1.1.4). -

 ( ),C a b     -   

 ( )f x . ,     ,a  

     ( )f x ,   

 ,   a    « -
»    (     

).     . 1.2. -
      

 - ,  :     ( -
  -  - ),  -

    (   - )  
 . 

,        -
        -

  .     -
 ,    ,a   

      ,   -
  ,    -

.    –     .  
  (  )   -

    . 
 

 
 

. 1.2.     -  
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   (  ( )cos xω , ( )sin xω ) -

   ,    

( ),C a b  .   (   -

)   ,     
  ,  –   . 

    ,     

  ( ),C a b       . -

 ( ),C a b      , -

   ,      -
,        

. . 
       

 ,   – - ,   -

  -  ( ),C a b . 

    -
   [29, 30]: 

•        -
    ,    -
  b  ; 

•    -  ( ),C a b    -

     ,a  b  -

  (      ). 

  ( )xψ    « »  -

 ,    « » -
 -  (  ) ,    

 .a  ,    ,a   

   ,   , 
   (    -
) –  .  ,     

      ,    
 (  b) –      
     .  -   
   ,  -    
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  ,    -
 (  . [30, 31, 33]). 

: -  , . .  ( ),C a b , 

    (    
- )     . 

 
1.1.4.   -  

     ( ), ,a b xψ  ,   

       ( ),C a b . 

   -   
   .     

   ( )2L R      -

.     -
      ,   -

: 

( ) ( ) ( ) ( ) ( )21 1 , , ,f x C a C a b a b x da db
∞ ∞

ψ

−∞ −∞

= ψ ,           (1.1.6) 

 Cψ  –  ,   

( )( )2
2C d

∞

ψ

−∞

= π Ψ ω ω ω < ∞ ,   (1.1.7) 

 ( )Ψ ω  – -  ( )tψ .  

  Cψ    ,  

    .  ,  0ω =   

   (1.1.6)  ( )Ψ ω   

  .     -
        -

  0ω  (    ). -

,  ( )xψ        -

   (       
): 
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( ) 0x dx
∞

−∞

ψ = .                                (1.1.8) 

  ,         

  ( )xψ ,       

       
 (1.1.6)  .    

      -
. 

 :   -  -
    ?     
  ,      

. ,       

  ( ),C a b      . -

,  ( ),C a b      

( )W a ,      1,  ,   

-  (1.1.6),    . -
  : 

•    ,  
   ; 

•      -
 (1.1.4), (1.1.6),      

   . 
      (1.1.4) 
   ,    -

     - , 
  . 

 
1.1.5.  -    

 ,   -  -
        

,      ( -
) . 

       
  , b   [29, 30]: 
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2 ja = ; 2 jb k= ,         (1.1.9) 

   j , k       

 { }..., 2, 1, 0,1, 2, ...Z = − − , . . ,j k Z∈ .  j    

   ,   k  –  
.   , b   -
,    ,   
-    .  

       
,    -    -
      a , b .   

       
« »  - .  -

    « ». 

  ( )2L R    

( )2
, 2 2j j

j k x k− −ψ = ψ − , ,j k Z∈ .         (1.1.10) 

   -    -
  

( ) ( ) ( )2
, , 2 2j j

j kd C j k x k f x dx
∞

− −

−∞

= = ψ − ,            (1.1.11) 

   .   
-      -

 

( ) ( )2
,

1
2 2j j

j k
j Z k Z

f x d x k
C

− −

∈ ∈ψ

= ψ − .                  (1.1.12) 

  MathCAD      
,  1Cψ = . 

 (1.1.11), (1.1.12) ,    

( ) ( )2f x L R∈      
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, ,, j k j k
j Z k Z

f f
∈ ∈

= ψ ψ    (1.1.13) 

 ,    { },j kψ   -

 , . . 

, ,

1, , ;
,

0, .j k j k

j j k k
′ ′

′ ′= =
ψ ψ =   (1.1.14) 

 ,f ψ      ( )2L R , . . 

( ) ( ),f f x x dx
∞

−∞

ψ = ψ .               (1.1.15) 

,       -
       -

     -

    ( )xϕ ,    

[1, 29, 31].     ( )xψ   .  

    ( ) ( )2f x L R∈   -

,    ( )xϕ , ( )xψ      

 .     -
. 

 
1.2.     
 

    ,  -
     2 ( )L R .   

      « » 
     -

 .     ,  -
       

  .  -
      

,      
 [1, 29, 30, 33]. 
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1.2.1.     

 

   ( )xϕ ,   -

 

0,n(x) = (x – n); n ∈Z                            (1.2.1) 

    0V ,  -

    0,nϕ . ,  -

  { }0, ( ) ,n x n Zϕ ∈   ,  

0, 0,

1, ;
,

0, .n m

n m

n m

=
< ϕ ϕ >=

≠
                  (1.2.2) 

    

1, 2 (2 ), ,n x n n Z−ϕ = ⋅ ϕ − ∈  

    (2 )xϕ   2
n . -

 1V−     1, ( )n x−ϕ    

 1,{ ( )}n x−ϕ      

1V− .     ,   

j Z∈    

2
, ( ) 2 (2 ),

j
j

j n x x n
− −ϕ = ϕ −   (1.2.3) 

  j    ,    -

. ,   ,{ ( )}j n xϕ ,  

 jV .    : 

2 1 0 1 2... ... ...jV V V V V V− − −⊂ ⊂ ⊂ ⊂ ⊂ ⊂ ⊂      (1.2.4) 

,  

2{0}; ( ),j j
j j

V V L R
∞ ∞

=−∞ =−∞

= =   (1.2.5) 
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      . 

 ,    
 jV ,      

,{ ( ), }j n x n Zϕ ∈ . 

 1.2.1.     ( )xϕ   

  

1, [0,1];
( )

0, ,

x
x

x

∈
ϕ =  

    2 ( )L R  (   

). 

.    0,{ ( )}n xϕ ,   

    0V : 

0, 0, 0, 0,

1, ;
, ( ) ( )

0, .n m n m

n m
x x dx

m m

∞

−∞

=
< ϕ ϕ > = ϕ ϕ =

≠
 

  0,{ ( )}n xϕ       [ , 1]n n + , 

   .    -
  0,{ ( )}n xϕ    

0,supp( ( )) = [ , 1]n x n nϕ + . 

    1, ( )n x−ϕ  ( .  (1.2.3))  

1j = − .  ,  0 1.V V−⊂   

1,0 1,1 1,
1 1

( ) ( ) ( ) ( ),
2 2

n n
n

x x x h x− − −ϕ = ϕ + ϕ = ϕ  

 0 1
1

2
h h= = .  ,    0V  -

      1V− .  -

 1, ( )n x−ϕ          

1 1
1,

1
supp( ( )) = [ , ] [2 , 2 ( 1)].

2 2n

n n
x n n− −

−

+
ϕ = +  
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    j Z∈     (1.2.3), -

  ,supp( ( )) = [2 , 2 ( 1)]j j
j n x n nϕ +      

  jV . 

 ,    ,{ ( )}j n xϕ   -

  jV ,  (1.2.5),    

,   ,{ ( )}j n xϕ      

2 ( )L R . 

 . 1.3    : ( )xϕ  (  -

), 1,3( ) 2 (2 3)x x−ϕ = ⋅ ϕ −  (  ), 2,11( ) 2 (4 11)x x−ϕ = ⋅ ϕ −  

(  ).      . 
   j  (  ),    -

      ,{ ( )}j n xϕ .   

  , ,   
  ( ),xϕ     -

 1 0 1... ...V V V−⊂ ⊂ ⊂ ⊂ .     ( )xϕ  -

  . 
 

 
. 1.3.     

 
 

 2( ) ( )x L Rϕ ∈    ( . . -

   ),     -
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( ) 2 (2 ),n
n Z

x h x n
∈

ϕ = ϕ −                               (1.2.6) 

  nh    

.n
n Z

h
∈

< ∞                                          (1.2.7) 

   1.2.1, ,    
( )xϕ    (1.2.6), (1.2.7)   -

.     -
    ( , [1, 29, 30]).    

,      -
  . 

    

2 ( )L R        

  

1 0 1 2... ...V V V V− −⊂ ⊂ ⊂ ⊂ ⊂ , 

  (1.2.5),    -
 0( )x Vϕ ∈     

0,{ ( ) ( ), }n x x n n Zϕ = ϕ − ∈   0V . 

  1.2.1 ,   ( )xϕ   -

   0V ,    

,{ ( )}j n xϕ   jV    -

   2 ( )L R . 

  nh    (1.2.6)  -

 ,    
  2 ( )L R ,    

2 ( ) (2 )nh x x n dt= ϕ ϕ − .                         (1.2.8) 

   

( ) 1x dxϕ =                                        (1.2.9) 
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2 1n
n

h = .                                  (1.2.10) 

     ( )xϕ    -

     N.    
(1.2.6)  : 

1

0

( ) 2 (2 )
N

n
n

x h x n
−

=

ϕ = ϕ −     (1.2.11) 

 , ,   ( )xϕ ,  

(1.2.11),   (       ) -
 . 

 
1.2.2.      

  j Z∈     -

  2 ( )L R    jV  (  -

 2( ) : ( )j jP f L R V→ ),    

, ,( ) , .j j n j n
n Z

P f f
∈

= < ϕ > ⋅ϕ                         (1.2.12) 

    (1.2.11)  (1.2.12)  ( )jP f   

  ( )f x      -

     j. 

   .   -
  1( ) ( ),j jP f P f− −      1jV −   

  jV , . .   -

  jV    1jV − .  , 

   

1 ,j j jV V W− = ⊕                                      (1.2.13) 

    :   -
 1( )jP f−    1jV −      
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( )jP f     ( )W
jP f ,   

   ( )jP f   1( )jP f− . 

,     jW . 

   jV    0V   -

,      0W  (  

  0V    1V− ):  1 0 0V V W− = + .   

0( )t Wψ ∈ .      1,{ ( )}n x−ϕ   

1V− : 

1,( ) ( )n n
n Z

t g t−
∈

ψ = ϕ .                (1.2.14) 

  ( )tψ  0V ,    n  

0,, 0n< ψ ϕ >= .    0V    1V− ,  0, ( )n xϕ   

   1,{ ( )}n x−ϕ : 

0, 1,( ) ( )n k kx h x−ϕ = ϕ . 

 ,    : 

           , 1, 1,, ( ), 0,o n n n k k
n k

g x h− −ψ ϕ = ϕ ϕ =                 (1.2.15) 

    kh     ng , 

  (1.2.14).  ,  (1.2.15)   
. 

  

1 0 1 2.. ...V V V V− −⊂ ⊂ ⊂ ⊂ ⊂  

     

2 ( )L R ,    j Z∈    jW   -

 jV    1jV −    

,    – . 

     [1, 
29, 31]: 
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•     2 ( ) ;k
k

L R W
∞

=−∞
=  

•   0( )x Wψ ∈ ,   

,    ( )x nψ −   -

   0W ,   

2
, ( ) 2 (2 ), ,

j
j

j n x x n n z
−

−ψ = ψ − ∈                   (1.2.16) 

    ,jW j Z∈ . 

 1.2.2.    , -
   2.2.1,   ( )xψ . 

.   1.2.1 ,  

1,0 1,1

1 1
( ) ( ) ( ),

2 2
x x x− −ϕ = ϕ + ϕ     

0

1

2
h = , 1

1

2
h = .     (1.2.15)  

 

, 1, 1,2 1,2 1

1 1
, , 0.

2 2
o n k k n ng − − − +ψ ϕ = ϕ ϕ + ϕ =  

  { }1,n−ϕ  –  ,    

2 2 1

1 1
0,

2 2
n ng g ++ =                       (1.2.17) 

   .   : 

0 1

1 1
; .

2 2
g g= = −                          (1.2.18) 

    

1,0 1,1

1 1
( ) ( ) ( ) (2 ) (2 1),

2 2

1, [0,1 / 2);

( ) 1, [1 / 2,1);

0 [0,1),

x x x x x

x

x x

x

− −ψ = ϕ − ϕ = ϕ − ϕ −

∈

ψ = − ∈

∉

(1.2.19) 
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   .   1.4    
 ( )xψ  (  ),     -

 2 (2 3)xψ −  (  ), 2 (4 11)xψ −  (  ). 

 

 
 

. 1.4.    
 

 0, ( )n x nψ = ψ −     -

 0W ,   ( )2
, 2 2j j

j n x n− −ψ = ψ −   -

   jW . ,    

, ( )j n xψ     ,    , ( )j n xϕ , . . 

( ) ( ),supp ( ) 2 ,2 1 .j j
j n x n nψ = +  

 . 1.4       ( )xψ  

(  ), 1,3( ) 2 (2 3)x x−ψ = ⋅ ψ −  (  ), 

2,11( ) 2 (4 11)x x−ψ = ⋅ ψ −  (  ).    j  ( -

 ),       -
   ,{ ( )}j n xψ .   

        
,        -

  . 
,   Wavelet Toolbox 2.0/2.1  MatLAB -

         
    [33].   MathCAD  
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Wavelet Extension       
[30]. 

,       -
,        -

        . 
  [30, . 155–158]       

.        
      -

,   : 
•  ; 
• -  –      

   ; 
•  . 

  : 
•  ( )xϕ , ( )xψ    ; 

•       -
  ; 

•     
( )   . 

   : 
•  ; 
•       . 

    .  
    ( )xϕ , ( )xψ : 

( ) = 2 (2 );k
k

x h x kϕ ϕ −                          (1.2.20) 

( ) = 2 (2 )k
k

x g x kψ ϕ − .                        (1.2.21) 

     ( )xϕ   

 

2 ,k k m m
k

h h + = δ                               (1.2.22) 

    ( ) 1x dxϕ =     
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2.kh =                                     (1.2.23) 

      

( ) ( ) 0x x n dxψ ϕ − =                           (1.2.24) 

  

2 0,k k m
k

h g + =                              (1.2.25) 

     kg : 

( ) 2 11 ,
k

k M kg h − −= −                         (1.2.26) 

 2M  –    kh . 

      -
 ( ) , . .   . 

       -
  .    -

   1M −      -
 , . . 

( ) 0, 0,1, ..., 1.mx x dx m Mψ = = −                 (1.2.27) 

   : 

( )0; 1 0, 0, ..., 1.
km m

k k
k k

k g k h m M= − = = −      (1.2.28) 

 (1.2.25), (1.2.26), (1.2.27), (1.2.28)   
  kh , kg    . -

       [29, 30, 
33]. 

 1.2.1.       -
 MathCAD   Wavelet Extension,  
  ,  -   

    .  -
          ( , 

[30]).       ,  
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   ,   -
.  

 
1.2.3.  MathCAD,    

       
  .      -

. 

   : 

 [ ]
[ ]

( , , , , );

( , , , );

( , , , ).

wavelet x j k m s

father x j k ss

mother x j k ss

 

 wavelet     x   -

 ( )0m =     ( )1m = . 

 father     x   . 
 mother     x   

. 
   : 

• x  –  ,     
; 

• j  –  ,   ; 

• k  –  ,   ; 
• m  –  : 0m = ,    

, ( )j k xϕ ; 1m = ,    , ( )j k xψ ; 

• s  – ,     -
  : 

( )daublet n  – n  –    (n  –  

  2  20); 
( )coiflet n  – n  –    

[ ]( )6,12,18, 24, 30n∈ ; 

( )symmlet n  – n  –      

    ( n  –    4  20).  
, : (8).s daulet=  
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• ss –    ,   -
  : 

dn  –  ; 
sn  –      ( - 

); 
cn  (  coif ) –  . 

 n      kh  -

 . 
, : " 12".ss coif=  

 . 1.5    MathCAD,   
    wavelet   

    4m = :  ( )xϕ , ( 1)xϕ −   

 ( )xψ , ( 1)xψ − .  
 

 
 

. 1.5.      
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        (  -
        

 2).   : 1 – ( )xϕ ; 2 – ( 2)xϕ − ;  

3 – ( )xψ ; 4 – ( 2)xψ − .  

       
. 1.6      ,  -

  1j = + , . .  ( )2
xϕ , ( 1)2

xϕ − , ( )2
xψ , 

( 1)2
xψ − . ,     -

 « »   .   
 j  « » . 

 

 
 

. 1.6.     
 

 . 1.7    MathCAD,   -
    ( )xϕ , ( 1)xϕ − , ( )xψ , ( 1)xψ − , 

    m ther, father. ,  
    ,    

 .    ,     -
. 
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. 1.7.      
 

  Wavelet Extension   , -

   { }nh , 0, ..., 1,n m= −    -

  (1.2.6).     :  
( )daublet m  –  m  (    6  20) -

  ; 

• ( )coiflet m  –  [ ]6,12,18, 24, 30m∈   

 ; 
• ( )symmlet m  –  m  (      

4  20)     . 
 

 . 1.8    MathCAD,   -
  nh    .  

     2( ) ( )f x L R∈   

     . 
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. 1.8.    
 
 
1.3.  -    
 

 -   , -
        -

 . 
 

1.3.1. -   

     0j    

  
0j

V .   

( )
0j

P f      : 

( ) ( ) ( )
0 0 0 0 0, , , ,,j j n j n j n j n

n Z n Z

P f f x a x
∈ ∈

= ϕ ϕ = ϕ ,      (1.3.1) 

 
0 ,j na  –    ( )f x   -

   
0j

V .    -

  { }00 ,j nA a= .   ,   
0j

V  

      

0 0 01 1j j jV V W+ += ⊕     ( )
0j

P f     
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( ) ( ) ( )
0 0 01 1

W
j j jP f P f P f+ += + .                           (1.3.2) 

      ( )f x   -

 
0 1jV + ,   –  ,  ( )

0 1jP f+  -

  ( )
0j

P f .    
0 1jV + , 

0 1jW +  -

 : 

( ) ( ) ( )
0 0 0 0 01, 1, 1, 1,j j k j k j k j k

k Z k Z

P f a x d x+ + + +
∈ ∈

= ϕ + ψ , 

 
0 1,j ka +  –   ( )0 1j + -   

: 

( ) ( )
0 01, 1,j k j ka f x x dx+ += ϕ ,      (1.3.3) 

0 1,j kd +  –   ( )0 1 -j +  : 

( ) ( )
0 01, 1,j k j kd f x x dx+ += ψ .      (1.3.4) 

    { }
01 1,j kA a += , 

{ }
01 1,j kD d += .  ,     

.     1A , 1D   -

    ,     0A  -

 (1.3.1).      
  ,   1A ,   

  
0 1jV + ,        -

 ( )  ( )
0 2jP f+    

 ( )
0 2
W
jP f+ ,  : 

 

                     ( ) ( ) ( ) ( )
0 0 0 02 2 1

W W
j j j jP f P f P f P f+ + += + + ;   

( ) ( ) ( )

( )

0 0 0 0 0

0 0

2, 2, 2, 2,

1, 1, .

j j k j k j k j k
k N k N

j k j k
k N

P f a x d x

d x

+ + + +
∈ ∈

+ +
∈

= ϕ + ψ +

+ ψ
         (1.3.5) 

 
 ,    : 
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• { }
02 2,j kA a +=  –    -

 2; 

• { }
02 2,j kD d +=  –    -

 2; 

• { }
01 1,j kD d +=  –    -

 1. 
  J ,     

J-    

{ }1 2 1, , , , ...,J J J JA D D D D− − .                         (1.3.6) 

  -     
  (1.3.6). 
-  (  - )  

( )f x     J   : 
 

( ) ( ) ( )
0 0

0

, , , ,
1

ˆ
J

j J k j J k j k j k
k Z j j k N

f x a x d x+ +
∈ = + ∈

= ϕ + ψ .        (1.3.7) 

 

 ˆ ( )f x  ,   ˆ ( )f x    -

    ( )f x   -

       ( )f x   -

 
0j

V .  ˆ ( )f x      

 ( )f x    
0j

V , . . ( ) ( )
0

ˆ
jf x P f= . 

      0j   -

       -
 

0 ,j ka .    ,  -

   [30, . 122–123].    -
 ,      -

. 
 ,      -
      -

        ( . . -
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   ).     -
  : 

 

( )
0 ,j k k ka f f x= = , 0, ..., 1k N= − .               (1.3.8) 

 
1.3.2.  -  

,   -     
 J     (1.3.6), 

  : 

( ) ( )
0 0 0, , ,,j J k j J k j J ka f f x x dx+ + += ϕ = ϕ ;            (1.3.9) 

( ) ( ), , ,,j k j k j kd f f x x dx= ψ = ψ .               (1.3.10) 

       
    ,  -

   .  -
,  ,    -

 [47, 48].  
       

,      
.      , -

  : 

1, , 2j k n j n k
n

a h a+ += ;                 (1.3.11) 

1, , 2j k n j n k
n

d g a+ += ,                 (1.3.12) 

  
0 ,j ka       -

   0 0 0, 1,..., ,j j j j J= + +     

 (1.3.6), . .    -
. 

   -   
- ,      

(1.3.6)     

0 ,j ka .     : 
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, 2 1, 2 1,j n n k j k n k j k
k k

a h a g d− + − += + .                   (1.3.13) 

-     -
. 

,        
  ,    

   : 

1.  N  
0 ,j ka     2, . . 

2mN = ,                     (1.3.14) 

 0m > .   (1.3.8)  ,    -
   (1.3.14).    -
 « »  0j   : 

02 jN = .                                    (3.3.15) 

2.   -      j   

 1j +    ,j ka   ,j kd     

. 

3.   -      j  

  1j −    ,j ka , ,j kd    

 . 

 1.3.1.   m ,   -
 (1.3.14),     -
 maxJ . ,  384N = .    

m ,    (1.3.14),  7, . . 
7

388
3.

2
=  -

, max 7J = .  

    1m >   (1.3.14)  ,  -
       
 N   (    -

 ). ,   ( -
  ),  (   
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),  ,     
      . 

  Wavelet Expansion    
MathCAD   ,   -

         -
 N: 

MaxDWTLevel(a) –   ; 
MaxDWTSLevel(a) –   . 
 
1.3.3.  MathCAD   -  

  Wavelet Expansion   , -
    -   -

  . 
 dwt(a,J,s)   -  

     J.  s  – , -
   . , : (8)s daublet= . 

     N (  -
  )    (1.3.14). 

 dwts(a,J,s)   -  
  J    .  

     ( , 
  (2)daublet ).     , 

    dwt.  N    

2mN ≥ , 0.m >  
        N, 

     -
: 

       { }
01 1, 2j k

ND d += − ;  { }
02 2, 4j k

ND d += − ; 

 …; { }
0 , 2J j J k J

N
D d += − ;  { }

0 , 2J j J k J

N
A a += − . 

 

     (   
)   :    

JA ,  JD , 1JD −   . .   1D , . .  
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  –   N –  ,   
. 1.9. 
 

 
. 1.9.     

 
 idwt(c,J,s)   - -

    .    
 ,   . 1.9.  J 

 ,      dwt. 
 idwts(c,J,s)   - -

    .   
  N    ,   . 1.9. 

 
 1.3.1.  . 1.10    

MathCAD,       ( )f x  

(        -
   - ),   1024N =  -

.      
      -

. 
.     MathCAD ( . . 1.10)  

   dwt, idwt    : (8)daublet   

(12)symmlet       

J = 4.8.        
ŷ y− ,        

.  
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. 1.10.    -   
« »  

 
1.4.  -    
 

 -    ( -
),        -

  . 
 
1.4.1. -   

       

 ( ), .f x y   -   

   . 
   ,  ( )xϕ  –   ( -

 ),  ( )xψ  –  (  ).  -
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( )2L R : ( ){ },j n xϕ , ( ){ },j n xψ .     

     ( )2
2L R : 

( ) ( ) ( ){ }, , , ,,j n m j n j mx y x yϕϕ = ϕ ⋅ ϕ ; 

( ) ( ) ( ){ }, , , ,,j n m j n j mx y x yϕψ = ϕ ⋅ ψ ;                      (1.4.1) 

 ( ) ( ) ( ){ }, , , ,,j n m j n j mx y x yψϕ = ψ ⋅ ϕ ; 

  ( ) ( ) ( ){ }, , , ,,j m n j n j mx y x yψψ = ψ ⋅ ψ . 
 

     -
 . 

•   { }, ,j j n mA aa=   

     ( ){ }, , ,j n m x yϕϕ ; 

•    { }, ,j j n mH ad=  

      ( ){ }, , ,j n m x yϕψ ; 

•    { }, ,j j n mV da=  -

      ( ){ }, , ,j n m x yψϕ ; 

•    { }, ,j j n mD dd=  

      ( ){ }, , ,j n m x yψψ . 

      -

   ( )1 2 2 2 2, , ,A A H V D→ . ,  

    (F –   -
): 

( ) ( )1 1 1 1 2 2 2 2 1 1 1, , , , , , , , ,F A H V D A H V D H V D→ → →  

     -
  ,  :    -

        
     .    -

       F, 
    « » ,   F. 
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,    F   512 (  
) × 384 (  ).    1A , 1H , 

1V , 1D    256 192× ,   2A , 2H , 2V , 

2D  –  128 96×   . . 

  -    
 : 

( ) ( )2 2 2 2 1 1 1 1 1 1 1, , , , , , , , , .A H V D H V D A H V D F→ → →  

    j   1j −     -

    . 

 -     J  (  
  0j j= )   : 

( ) ( )

( )

( )

( )

0 0

0 0

0 0

0 0

, , , .

, , , .
1

, , , .
1

, , , .
1

ˆ , ,

,

,

, ,

j J k n j J k n
k n

J

j j k n j j k n
j k n

J

j j k n j j k n
j k n

J

j j k n j j k n
j k n

f x y aa x y

ad x y

da x y

dd x y

+ +

+ +
=

+ +
=

+ +
=

= ϕϕ +

+ ϕψ +

+ ψϕ +

+ ψψ

              (1.4.2) 

 
 

0 , ,j J k naa + , 
0 , ,j j k nad + , 

0 , ,j j k nda + , 
0 , ,j j k ndd +  –   

   ( )
0 , . ,j J k n x y+ϕϕ , ( )

0 , . ,j j k n x y+ϕψ , ( )
0 , . ,j j k n x y+ψϕ , 

( )
0 , . ,j j k n x y+ψψ ,    JA , jH , jV , jD  -

. 
 
1.4.2.  MathCAD    -

 

 Wavelet Expansion    
MathCAD   ,   -

     -  -
.     . 
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 wavelet2d(x, y, j, kx, ky, nx, ny, s) –    

 ( ),x y   : 

( ), , , , 0, 0;j n m x y nx nyϕϕ = =  

( ), , , , 0, 1;j n m x y nx nyϕψ = =  

( ), , , , 1, 0;j n m x y nx nyψϕ = =  

( ), , , , 1, 1.j n m x y nx nyψψ = =  

   : 
• j  –   ,   -

; 
• kx  –  ,    

; 
• ky  –  ,    

; 
• s  – ,   . , 

( ): 4s daublet= . 

      
: 

• d, daub, daublet  –   ; 
• s, symm, symmlet  –   ; 
• coif, c, coiflet  –   ;  

• ,nx  ny  –     (   -

) . 
 father2d(x, y, j, kx, ky, ss)   -

  ( ),x yϕϕ    ( ),x y .  ss    

 ,      

. , ( ): " 8 "ss daublet= . 

     ,   -
 wavelet2d. 

 mother2d(x, y, j, kx, ky, ss, ds)   -

    ( ),x y .  ds  –   

    .  -
 : 
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• " "V  –  ( ),x yψϕ ; 

• " "H  –  ( ),x yϕψ ; 

• " "D  –  ( ),x yψψ . 

      father2d. 
 dwt(a, J, s)   -  

  (  N×M)   J. -
  N, M   : 

;
2J

N
=  .

2J

M
=  

 s    . , ( ): 8s d=  

 ( ): 12s symmlet= . 

 idwt(a, J, s)   -  
   ,     -

  dwt.    J, s 
 ,    dwt. 

 1.4.1.    . 1.11  -
 LENA (       -
  )  256 256.×   -

     - . 
.  . 1.11     

MathCAD,      dwt, idwt -
    - ,   -

   .     -
,     -

 (   111 ~ 10A A −− ). 

 . 1.12     -

 ( )1J =  1A , 1H , 1V , 1D  (   128 128)× . ,  

 1A       -

,    « »     -
 LENA.   
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. 1.11.     
 

 
 

. 1.12.    
 
 



 46

   ,    -
: 

-     
      . 

      -
  (       

 )     
   . 
-      -

     ,  
        

.      -
        . 
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 2.          
                -   
 

     
  ,   -   -

   . -
       -

      (  -
 )   ( )    

. 
 

2.1.         
          
 

    
- ,    ( ) 

   ,     -
    - . 
 
2.1.1.     

-    

       -
     ,    
       .  

       :  -
        

- ? 
        -

  : 

         ( ) , 1, ..., ,i i i i if f x f i N= + η = + η =             (2.1.1) 

 ( )i if f x=  –   ; iη  –    -

 ( )if x .  if       

   f(x).   iη  

   : 


