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•  iη   ; 

• [ ] 0, 1, ...,iM i Nη = = ;                                                      (2.1.2) 

• 
2[ ] , 1, ...,iD i Nη = σ = ;                                                         (2.1.3) 

• [ ] 0,i jM i jη η = ≠ .                                                     (2.1.4) 

     ,i jη η  

 i j≠ .  -    J 

( . . 1.3): 

0 0 0 0, , , ,
1

( ) ( ) ( )
J

J j k J j k j j k j j k
k j k

f x a x d x+ + + +
=

= ϕ + ψ , 

 
0 , ( )J j k x+ϕ , 

0 , ( )j j k x+ψ  –   . 

   0j     02 ,jN =  

      0 0j = .   

 : 

         , , , ,
1

( ) ( ) ( )
J

J k J k j k j k
k j k

f x a x d x
=

= ϕ + ψ ,                (2.1.5) 

  ,J ka     ,j kd  

    if   ( )f x    

  ( . . 1.3.2). 

 ,J ka , ,j kd  ,    -

  if      -

.         

 1,ka , 1,kd ( . . 1j = )   0, , 1, ...,k ka f k N= = : 

1, 0,2k m k m
m

a h a += ; 1, 0,2k m k m
m

d g a += .            (2.1.6) 

   : 1, 1, 1,
a

k k ka aε = − ;   

1, 1, 1,
d

k k kd dε = −       

 : 1, 2
a

k m k m
m

h +ε = η ; 1, 2
d

k m k m
m

g +ε = η .  -

     
1, 1,

,
k k la a +

ε ε : 
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[ ]

1, 1, 2 2 2

2 2 2 .

a a
k k l m m k m m k l

m m

m m m k m k l
m m

M M h h

h h M

′ ′+ + + +
′

′ ′+ + +
′

ε ε = η η =

= η η
 

   (2.1.3), (2.1.4),   

                2
1, 1, 2
a a

k k l m m l
m

M h h+ −ε ε = σ .                      (2.1.7) 

      

            2 0,

1, 0;

0, 0.m m l l
m

l
h h

l−

=
= δ =

≠
                  (2.1.8) 

   (2.1.7)    -

 1,
a

kε :  

) 1,
a

kε       , . . 

1, 0a
kM ε =    k;  

)  2
1,
a

kD ε = σ ;  

)   1,
a

kε   1,
a

lε       

 k l≠ . 
  ,      

 

                            2 0,m m l l
m

g g − = δ ,                            (2.1.9) 

(      -

),  1,
d

kε    ,    2 

     . 

     1,
a

kε , 1,
d

lε : 

[ ]

1, 1, 2 2 2

2
2 2 2 2 .

a d
k k l m m k m m k l

m m

m m m k m k l m m l
m m m

M M h g

h g M h g

′ ′+ + + +
′

′ + + + −
′

ε ⋅ ε = η η =

= η η = σ
 

    2V   1W  : 
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            2 0m m l
m

h g − =     l,                         (2.1.10)   

 ,  1,
a

kε   1,
d

kε      . 

 1,
a

kε   1,
d

kε       ,   

   iη . ,      

 ,    : 

• , 0a
j kM ε = ; , 0d

j kM ε =    k;             (2.1.11) 

• 
2

,
a
j kD ε = σ ; 2

,
d
j kD ε = σ    k;            (2.1.12) 

• , , 0a a
j k l j kM +ε ε =   0l ≠ ;                  (2.1.13) 

• , , 0d d
j k l j kM +ε ε =    0l ≠ ;        (2.1.14) 

• , , 0a d
j k j lM ε ε =   k, l.                            (2.1.15) 

 ,       

  ,j ka , ,j kd ,    -

 .    . 

 2.1.1.  « » ,  -
      ,  

  ( ), [0,1]i i if f x x= ∈ ,  2048  ix  ( . 2.1 ). 

      -
     -  -
 . 

.    ( )i if f x=    -

    8 ( . .  
 )  1, ..., 7j J= = .  

 . 2.1 , ,    « »  dj,k  
  j = 1,3,5,      

  , 1,3,5
2

j j
N

N j= = .   
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         )                                       )                         )                 ) 

 

. 2.1.  « »  ( )f t   « »  

  
 

      

  f f / fηδ = − ,  f ,f  – , -

   ,i if f ; f , f  –   .  

if ,   = 0.12,   . 2.2 .   -

       -
8   1, ..., 7.j J= =   . 2 , ,    « -

»  ,j kd     j = 1,3,5.  

 

 
           )                                   )                           )                   ) 

 

. 2.2.    « »   ( )f t   

 « »   
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     « »  -
,   iη      -

  1, 2, 3.     
. 2.1,       

 

( ) / , ( ) /a j j j d j j jj a a a j d d dδ = − δ = − , 

 , , ,j j j ja a d d  – ,    -

  j-  .  

 . 2.1 ,     

 jd    (    j)  

   .   
     -

 ,j kd .   

 
                                                                         2.1 

 
 

 
 

j  ( )a jδ  ( )d jδ  

1 0,082 2,674 
2 0,059 0,983 
3 0,044 0,637 
4 0,033 0,185 
5 0,024 0,102 
6 0,017 0,051 
7 0,012 0,028 

 

 
2.1.2.        -

 

,   -    
,     

    l (  )   -
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      ,  
 (   )   [19, 28, 32]. 
 -     -

 - : 
•   « »  f(x)    -

   -  ( -
 ).    ,  

         
   ( )  -

.          
; 

•    « »   -
 - .  ,    

iη        2,  -

        
        -

.  
       

 2.1.1.  
,  . 2.1 , : 

•     ,j kd    

  1, 3, 5   ; 

•      
    .  

     
-       -
     (   
- ):  

       ( . .  -

 )     ,J ka , ,j kd  

  ,   ,  -
    « »   

  - .  
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 ,  -    : 
•   -    -

  (  « »  -

 ,J ka , ,j kd ); 

•    ,J ka , ,j kd  (  

 (  )  ,ˆJ ka , ,
ˆ

j kd    -

 ,J ka , ,j kd ); 

•   -    

,ˆJ ka , ,
ˆ

j kd . 

       - . 
 2.1.1.    -

 ,J ka , ,j kd       -

,       
   ,J ka , ,j kd . ,   

     .   

      -
 -      

    « »  : 

,
( , )

0, .
H

d d
T d

d

≥ λ;
λ =

< λ
                     (2.1.16) 

      ,  
   ,    -

   « »   - .  
  « » ,    

 ,    .  
    . 

 2.1.2.       
,   . 2.2   -

   

f f / f 0.12ηδ = − = . 
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      -
   8   5,  
      

      . 

.    = 0.5     

 (2.1.16)     ,j kd  

  j = 1, 2, 3, 4, 5.  . 2.3    

  1,kd  (   –   

,  – ).  

 
                 )                                                        ) 

 

. 2.3.  -      = 0.5 

,     ,  
  , « »     -

 .    ,    -
   « »  ( . . 

2.3 )     ˆ( ) f f / ff λδ λ = −   

0.082.  . 2.4      

1,kd     = 1.0,   . 2.4  –  -

 .     0.044. 
,         
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         -
   (« »)  ( ,    

 - ).   

 

 
                  )                                                         ) 

 

. 2.4. -      = 1.0 
 

,      -
   , : 

•       , 
    -

    j ( ,   -

 ,j kd ); 

•       , -
     
   j ( ,    

2,
ˆ ,kd     2,kd ). 

      MathCAD. 
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2.1.3.  MathCAD    
-  

  Wavelet Extension  MathCAD   -
,    . 

 get_smo th(w, l)    -
   ,l ka    , ( )l k xϕ   -

 l    w  (  w  –  -
  dwt). 

 get_detail(w, l)    -
   ,l kd    , ( )l k xψ   -

 l    w  (   w   -
  dwt). 

 get_subband(w, l, m)   -
  (  0)m =     -

 (  1)m =    l   -

 w  (   w –    dwt). 
 put_smooth(w, l, y)    w  -

    l    y. 
 put_detail(w, l, y)    w   

   l    y. 
 

2.2.   -  
 

  ( )  -
,   « / »   

 .  
 
2.2.1.   -  

  -  « »  f(x)  
    J: 

, , , ,
1

( ) ( ) ( ).
J

J k J k j k j k
k j k

f x a x d x
=

= ϕ + ψ                (2.2.1) 

,     j0   -

 02 jN = ,       
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j0 = 0.  ,    f(x)    

ix , 1 i N≤ ≤      (  ) 

iη ,      2. ,  -

  (    J) 
 

{ } { } { } { }1, , , ,,..., ,..., , , 1,2,..., , 1,..., ,
2k j k J k J k j

N
d d d a k j J= =   (2.2.2) 

     ( )i i if f x= + η ,  -

   ,d a
j,k J,kε ε .     -

 -      -
, . .   : 

, , , , , ,;d a
j k j k j k J k J k J kd d a a= + ε = + ε .                 (2.2.3) 

,     (2.2.2)  -

  { } { }, ,
ˆ ˆ,j k J kd a     

{ },j kd , { },J ka     : 

, , , ,
1

ˆ ˆˆ( ) ( ) ( ).
J

J k J k j k j k
k j k

f x a x d x
=

= ϕ + ψ             (2.2.4) 

   ( )  -
 

          ( )
2

2ˆ ˆ( ) ( ) ( ) ( ) ,
R R

f M f x f x dx M x dxΔ = − = ε          (2.2.5) 

   ˆ( ) ( ) ( )x f x f xε = −   (   

 (2.2.1))  

( ), , , , , ,
1

ˆˆ( ) ( ) ( ) ( )
J

J k J k J k j k j k j k
k j k

x a a x d d x
=

ε = − ϕ + − ψ .     (2.2.6) 

  2 ( )xε      : 
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2
, , , ' , ' , , '

'

, , ', ' ', ' , ', '
1 ' 1 '

, , , ' , ' , ,
1 '

ˆ ˆ( ) ( )( ) ( ) ( )

ˆ ˆ( )( ) ( ) ( )

ˆˆ2 ( )( ) ( ) ( ).

J k J k J k J k J k J k
k k

J J

j k j k j k j k j k j k
j j k k

J

J k J k j k j k J k j k
k j k

x a a a a x x

d d d d x x

a a d d x x

= =

=

ε = − − ϕ ϕ +

+ − − ψ ψ +

+ − − ϕ ψ

         (2.2.7) 

,       
  : 

, ', ' ', ', , ', ' ', ',( ) ( ) ; ( ) ( ) ;j k j k j j k k j k j k j j k k

R R

x x dx x x dxϕ ϕ = δ δ ψ ψ = δ δ  

            , ,( ) ( ) 0 , , ,j k j k

R

x x dx k jϕ ψ =  

  , ' 1j jδ = ,  'j j=    0    . 

  (2.2.5)    : 

2 2
, , , ,

1

ˆ ˆˆ( ) ( ) ( )
J

J k J k j k j k
k j k

f M a a M d d
=

Δ = − + − .        (2.2.8) 

 
2.2.2.     

-  

 ,ˆ{ }J ka , ,
ˆ{ }j kd ,   -

 (2.2.8),     -
  ( )f t .       

, , ,ˆ a
J k J k J ka a= ω ⋅ , , , ,

ˆ d
j k j k j kd d= ω ⋅ ,                (2.2.9) 

 , ,,a d
J k j kω ω    .   -

  [ ] 0, 1, ...,iM i Nη = = ,   (2.2.8)  

  : 

2 2 2
, , , ,

2 2 2
, , , ,

1

ˆ( ) ( 1) ( )

( 1) ( ) ,

a a a
J k J k J k J k

k

J
d d d
j k j k j k j k

j k

f a D

d D
=

Δ = ω − + ω ε +

+ ω − + ω ε
      (2.2.10) 
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 ,
a
J kD ε , ,

d
j kD ε  –    -

  .  . 2.1  ,  -

 2
,

a
J kD ε = σ , 2

,
d
j kD ε = σ , 1, ...,j J= , . .   

   j.       -

 ˆ( )fΔ : 

,

ˆ( )
0

ˆJ k

f

a

∂Δ
=

∂
; 

,

ˆ( )
0

ˆ
j k

f

d

∂Δ
=

∂
, 

   : 

,
,

1

1J k

a
opt a

J kS
ω =

+
; 

,
,

1

1j k

d
opt d

j kS
ω =

+
                    (2.2.11) 

      -
: 

, ,
,

1
ˆ

1J kopt J ka
J k

a a
S

=
+

; 
, ,

,

1ˆ
1j kopt j kd

j k

d d
S

=
+

.             (2.2.12) 

 

2

, 2
,

a
J k

J k

S
a

σ
= ;    

2

, 2
,

d
j k

j k

S
d

σ
=                           (2.2.13) 

    « / »  

 .  ,   ˆ( )fΔ   -

  (2.2.11)   

,, 2 2
, ,

1, ,

ˆ( )
1 1

da J
j kJ k

opt J k j ka d
k j kJ k j k

SS
f a d

S S=

Δ = ⋅ + ⋅
+ +

,      (2.2.14) 

  (    (2.2.13)) ,    

 2  ˆ( )optfΔ    2, . . 2ˆ( ) ~optfΔ σ .  

  (2.2.12),     
 ,    ,  -

   –   -
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.       
(2.2.12)     . 

 2.2.1.  (2.2.12)   : 
    « »  -

 , . .  { },J ka , { },j kd    

,J k

a
optω , 

,j k

d
optω   1 (   1,  2 = 0    

 ).       -
   shrinkage (  to shrinkage – ).  

 ,    (2.2.12) -
    « / »,     
-    « »  , -

    (2.2.13).  
    ,   -
,       ,  

 .      
-   . 

 
2.3.   -    

    « / » 
 

      
,     (  )   

 « / »,     
  . 

 
2.3.1.    « / » 

        -
  « / »   : θ  – 

   ; θ  – , -

    ; 
2

2S σ=
θ

.   

(  )  « »  (0)θ̂    
.θ       « / »: 

2(0)
(0)

2
ˆ

( )
S σ=

θ
.      (2.2.12), -



 62

 
(1)

(0)

1
ˆ1 S

θ = θ
+

.   
(1)

θ    « / », 

 (1)Ŝ , 
(2)

θ        -
    « / »  

   
2

( )
( )

2

ˆ
( )

n
nS

σ
=

θ
; 

( 1)

( )

1
ˆ1

n

nS

+

θ = θ
+

, 0, 1, 2,...n =           (2.3.1) 

     .   
   

                   ( )
2

* *1ˆ ˆ(2 ) 1 0,S S
S

+ − + =                           (2.3.2) 

     

                   *
1,2

1 2 1 4ˆ
2

S S
S

S

− ± −
=                         (2.3.3) 

    .S   

   1 4S ≤     

 ,    * *
1 2.S S≤  -

  ,   , -
    [8, 12, 55, 57]   

       -

 ( )ˆ nS . 

 1: (0) *
1

ˆ ˆ0 .S S< ≤   

     ( ) *
1

ˆ ˆlim n

n
S S

→∞
= . 

 2: * (0) *
1 2

ˆ ˆ ˆ .S S S< <   

      ( ) *
1

ˆ ˆlim n

n
S S

→∞
= . 

 3: (0) *
2

ˆ ˆ .S S=   

 ( ) *
2

ˆ ˆlim n

n
S S

→∞
= . 

 4: (0) *
2

ˆ ˆ .S S>   

     ( )ˆlim n

n
S

→∞
= ∞ . 
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 ˆ 1 / 4,S >     (2.3.3)  (2.3.2)  

 ,    S. -

   ( )ˆ nS → ∞    1 / 4S > . 
   ,    

. 

 2.3.1.    -
 « / »     : 

      

* (0) *
1 2

* * (0) *
2 2

ˆ ˆ ˆ, 1 / 4 0 ;

ˆ ˆ ˆ ˆ, 1 / 4 ;

, .

S S S S

S S S S S

≤ < <

= ≤ =

∞

            (2.3.4) 

 2.3.2.    -
 « / »      -

:      

 ∗θ =   (0) *
2*

1

(0) *
2*

2

1 1 ˆ, 0 ;ˆ 41

1 1 ˆ, ;
1 4

0, .

S S S
S

S S S
S

θ ≤ < <
+

θ ≤ =
+

      

(2.3.5) 

                        

 (2.3.5)    -
  ,       -

  « / » ( .  (2.2.13)) -
   –     (2.3.1). 

    θ     

 ,J ka   ,j kd ,   -

  *
,ˆJ ka , *

,
ˆ

J kd  - .  -

      *ˆ ( )f x ,    

-    *
,ˆJ ka , *

,
ˆ

J kd    -

     
« / ». 
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,  « »    -

    ˆ ( )f x     f(x) 

(    - )  -
    .     

: 

( )

2

2
2

ˆ ˆ( )

ˆ ( ) ( ) 0 0.
R

f M f f

M f x f x dx

Δ = − =

= − → σ →

 

  (2.2.14) ,    (2.2.12) -
       2,   

   2.    *ˆ ( )f x   

   *
,ˆJ ka , *

,
ˆ

j kd . 

 2.3.3.  « » (   -

 )  (0)ˆ ( )f x     (0)
,ˆJ ka , 

(0)
,

ˆ
j kd     ( )f x   2 0σ → , . .  

            
2

(0) 2ˆ 0 0M f f− → σ → ,            (2.3.6) 

    

               
2

* 2ˆ 0 0M f f− → σ → .              (2.3.7) 

.    θ , *θ̂ , *
1̂S , *

2Ŝ   

 ,    (2.3.7)    -
  : 

*
1̂lim 0S =     (0) *

2
ˆ ˆS S<   2 0σ → .           (2.3.8) 

    (2.3.6),   :  

(0)Ŝ S≥ ;   (0)ˆlim 0S =    2 0σ → . 
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    *
1̂S , *

2Ŝ   0S → .  

   S     

1 2 3 4 52(1 4 ) 1 2 2 4 10 28 ... .S S S S S S− = − − − − − −  

  

1
2

*
1

0 0

2 3 4

0

1 2 (1 4 )ˆlim lim
2

2 4 10
lim 0.

2S

s s

S S
S

S

S S S

S

→ →

→

− − −
= ≈

− −
≈ =

                          (2.3.9) 

     

1
2

*
2

0 0

2 3

0

1 2 (1 4 )ˆlim lim
2

2 4 2 4
lim .

2

S S

S

S S
S

S

S S S

S

→ →

→

− + −
= ≈

− − −
≈ = ∞

                       (2.3.10) 

   (2.3.9), (2.3.10)   (2.3.8)  
 (2.3.7).   

,     (0)ˆ ( )f t     -

 « »  ( )f t ,    -

,    (2.3.6). 
 

 2.3.1.    
-      –   -

      

*

1
ˆ1 S+

.   

 2.3.2.     

( )
2(0)

2
(0)

ˆ
ˆ

S σ=
θ

   
( )

2

2S σ=
θ

   -

 2.  ,   2    -
 : 
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( )

2

1,2ˆ
0.6745

kmedian d
σ = ,                 (2.3.11) 

  ( )1,kmedian d      

    (   -
 N/2).       -

,      -
.     -

      (2.3.11) [18, 21, 60].  
     iη   

2 30.91 10−σ = ⋅  (     

0.012ηδ = ).   30   1,kd ( / 2N =1024) -

  (2.3.11)        

 3 30.87 10 ,1.01 10− −⋅ ⋅ .  

     iη   
2 10.91 10−σ = ⋅  (   0.12ηδ = )   -

  (2.3.11)    1 10.88 10 ,0.97 10− −⋅ ⋅ .  

      (2.3.11).   
 
2.3.2.       

    « / » 

     -
  . ,   « » -

 « / » , ,,a d
J k j kS S        

  .     -
   -   -

 ,      . 2.1 . 
      

     ,  -
   ηδ  (  .  2.1.2).   

(    )     
 (     7): 
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•   ˆ ( )optf t    
,

ˆ
j koptd ; 

•   *ˆ ( )f t    *
,

ˆ
j kd ; 

   ,   2   -
  (2.3.11).  . 2.2    

(     50)  
*ˆ

ˆopt

opt

f f
P

f f

−
=

−
, -

      

    
,

ˆ
j koptd    *

,
ˆ

j kd  

     f , . .  -

  ( )lf    
( )l

optP ,     

   optP .                                                                                   

                                                                                  2.2 

ηδ  0.001 0.005 0.010 0.050 0.100 

optP  1.041 1.052 1.087 1.149 1.231 

 
 . 2.2 ,     -
    ,   -

   , ,     -
 . 

 :      
     ?  

          
N N

K
N

−
= ,  N  –    ( -

)  - ,   -
  (  - )   

 . 2.3.       N , -

      -
 (     0.12ηδ = ). , 
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      . 

 
                                                                         2.3 

-
 
 

   
  

50 100 150 200 

0.934 0.976 0.951 0.927 0.902 

0.041 0.064 0.055 0.066 0.073 

 
    

-     « »  
       -

   ,     
  ,   . 

       
     -

  1.       
 .       -
 . 

 
2.4.     

 -  
 

   ,  
     
.      -

 « / »      
   ,    -

      . 
 
2.4.1.    -   

      -
 ( . . 2.2): 
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1

1opt S
ω =

+
,                                      (2.4.1) 

   « / » S  -
 

2

2
S

σ
=

θ
,                                       (2.4.2) 

 θ  –    « » (  -
) .      -

    

1ˆ ,
1opt S

θ = θ
+

                                   (2.4.3) 

 θ  –   « » . , 
  S → ∞      : 

0,optω =    ˆ 0.optθ =                           (2.4.4) 

 
     -  

  « »  θ   « -

»   θ      -
 :   

    
2

2S σ=
θ

       
1

1 S
ω =

+
.                        (2.4.5) 

 ( . . 2.1) ,     

   θ      

,θ = θ + ε                                  (2.4.6) 

  ε  –         2. -

  (2.4.5) ,   
( )

2

2S σ=
θ + ε

    -

   2σ → ∞    S    
   ∞ , , ,  ω      -

  0, . .     (2.4.4). 
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      . 2.5  -
: 1 –     (2.4.1); 2 – 

   ω  (2.4.5)    
 « / » S . ,    ω  ( -

    400)    S    -
  (  0.35),      

     .  
 

 
 

. 2.5.    
 

,   -  -
  :   « / »  

1   ω     
 ,       
       

( )  - .   
 
2.4.2.   -   

,    (  ) -

 iθ    (2.4.2)     ˆ
iθ  -

 .  :    
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« / »: 

                             
2

2
ˆ

ˆ
S

σ
=

θ
.                                       (2.4.7) 

  
 ,    (2.2.8) (   Δ )   

 (2.4.7)     

                        opt empΔ = Δ + Δ ,                               (2.4.8) 

 

2

1
i

opt i
i i

S

S
Δ = θ

+
                             (2.4.9) 

–         
      

« / »; 

2

2 1 1
(1 ) ˆ 11

emp i i
i ii

S
SS

Δ = θ ⋅ + ⋅ −
++

        (2.4.10) 

–  ( ) ,   -

  S   Ŝ . , ,  Ŝ S= ,   
0empΔ = .   

:     ˆ
iθ    

iθ ,     empΔ      

  (2.4.8). 
 

     θ̂  (    θ )   
[44]    (    

),      .  

 1.    -
 (   1W )   -

  θ , . . 1W fθ = . ,   

  ( )P θ    « » -
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  1
ˆ ( )Pθ = θ .     

-  1
1W −     1̂f  -

 ,       
 

1 1
1 1 1 1 1
ˆ ˆ( )f W P W f W− −= ⋅ θ ⋅ = θ .                (2.4.11) 

 2.   1̂f     -

 2W ,    1W . ,    1W  

   (8)Daub ,    2W   

 (16)Daub   (4)Daub .  ,  

   
 

21 2 1̂
ˆ W fθ = .                                     (2.4.12) 

    ( ,  21θ̂    

     θ )   -
 

2
21

2 22 2
21 2

2
21

ˆ 1 1
ˆ ˆ11 ˆ

i

i

i i

i

S

θ
ω = = =

σθ + σ +
+

θ

                 (2.4.13) 

   « » (   -
 2W )   

2
21

2 2 22 2
21 2

ˆ 1ˆ
ˆ ˆ1

i

i i i

i i
S

θ
θ = θ = θ

θ + σ +
,                     (2.4.14) 

  2i
θ  –     2 2

ˆ W fθ = .   

   2   1
2 2 2

ˆ ˆf W −= θ ,   

   . 
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      -
  - ,     -

        -
  . 

 . 2.6  -   ,  -
     .   -

      -
 ;  P  –   (2.4.14)   . 

 

 
 

. 2.6. -     
 

   TN  –    1θ̂ , 

   ,     
   ,    
1

21 2 1W W W −=   (« ») TN      

( )TN N N>   21θ̂ ,    -

  2ω     optω   -

 . 

 :       1̂f , -

   ,    ( ) 

 .f    [44]  1̂f    

    -   -
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  UNIV (     3), -
        -

  ,    
. 2.3 (      3).    

     1̂f  [26].     -

 

1
1 1 1
ˆ ( )f W P W f−= ⋅ θ ⋅ . 

    ( )P θ    -

 θ     (2.3.4),   
    ( -

  *θ̂ ).     * 1 *
1 1 1
ˆ ˆf W −= ⋅ θ  – 

   .     
     ( . .   (2.4.12), 

(2.4.13), (2.4.14)). 
 

2.4.3.     

     -

 -  (      *
1̂f )  

   -   
  .     .  

        
 (   2048N = ),    -

  . 2.1 ).      -
     ,  -

    (  -
)  -      .   

      
     ,  -

   ηδ  (  .  2.1.2).   

(    )     
 (     7): 

• ôptf  –  ( ) -  (8)Daub   

   (2.2.11); 
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• 
*

2̂f  –   -  (   

   1̂f    *
1̂f ),  2 (4)W Daub= ). 

   ,   2   
  (2.3.11).  . 2.4   -

  
50

* *( )

1

l
opt opt

l

P P
=

=  (     50)  

 
*( )

2*( )

( )

ˆ

ˆ

l

l
opt l

opt

f f
P

f f

−
=

−
,   -

        -

 optθ    *
2θ̂ ,    

*( )l
optP       ( )lf , 

1,...,50l = . 

                  2.4 

ηδ  0.001 0.005 0.010 0.050 0.100 
*

optP  1.029 1.048 1.072 1.138 1.220 

 
      . 2.2  -

        -
   -   -

    1 (   
« \ » ( . . 2.3)).     

   ,   ( -

  1)  *f̂     , -

         
*

2̂f            

   *f̂ ,       -

 ( ) .   , 
     -

   2. 
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,    [44]     -
  -    UNIV  

( . . 3.2),     ,  *f̂   -

  2̂f  (     )  -

      1̂f  –  -

   .     

 2̂f  ,    *
2̂f  –   -

   2. 

   ,    -
: 

     
   (    

- )    ,  
     -

. 

   - ,  
    (  -

  - ),    -
     (  ), 

    « / »     
. 

    -
,        
  ,     ,  
 .   

       10  
     20–25 %    -

  . 
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 3.   -   
                

 
  - ,    

   -  -
    .     

 ( )   ,   
  ,    -

 (  ). 
 
3.1.   -   
 

       
    . 

 
3.1.1.      

   

      -
 : 

•      ,j kd  

    1, 2, 3j =     

 ; 
•       -

    1, 2, 3j = . 

•      -
        

,   « »  : «  -
»  «  ». 
      

2.1.1 (    )  
 2.1.2. 

 ,      -
 ,     -

,       -
 (      ).  
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  (     )   -
     -

,       thresh-
olding [40–42].        

 : 

• « »    

( )
, ,

,
0, ;

H

d d
T d

d

≥ λ
λ =

< λ
                        (3.1.1) 

• « »     

( ) ( ),ST d sign d d
+

λ = ⋅ − λ ,                         (3.1.2) 

  [ ]z
+

   

[ ]
, 0;

0, 0.

z z
z

z+

≥
=

<
                               (3.1.3) 

     . 3.1 (  ( ),HT d λ  -

  ,  ( ),ST d λ  – ). 

   ,   -
 (   )    [38, 43],   -

 .    

     « » , 
   .    -
  2.1.2.      -

        
-  (  )   

  , . .    . 
       

-      -
. 
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. 3.1.    

 
 3.1.1.     2.1.1 ( . . 

2.2 )       -
      -

 ( .  3.1.1), (3.1.2)).    
 0.12ηδ = . 

.       -

  ( )
f̂ f

ff

λ −
δ λ = ,  f̂λ  – ,   

       ; 
f –     (  2048N = ).  . 

3.2    ( )fδ λ     -

 (  )   (  ).    
  λ σ .       

,      .  
 (   )    

  (   ),   – -
  (  ).  
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. 3.2.       

 
 :      

 ?    ,  -
     

     hard   soft: 
•  hard      , -
        -

     ,    -
        . 

• -       -
    soft   ( ) -

   . 
• -     hard      

( . . 3.1)        
 (  ).   soft    

   . 
•  soft     -

      -
: )     -

  ; )   -
    (  ). 
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    ,    
   (    

 garrote)  [43]: 

( )
2

, ,
,

0, .
G

d d
T d d

d

λ
− ≥ λ

λ =

< λ

                       (3.1.4) 

 

 . 3.3   (  )   

  = 2. ,       d = λ  
(   soft),           

   d  (   hard).  , 
 garrote     ,  

  hard  soft.  . 3.3   , 
   45°    .  

 
. 3.3.    garrote 

 
 ,  -      

       -
  (   . 3.2).   -

         -
  (    )  -
    j-    (  -

  ).     
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, ,j j jH V D  j-   .  ,   

       -
  (  hard,     soft). 

       -
    -   -

       
 hard.  ,       

  (    -
): 
 

2 2

2 2

1 1

ˆ( )

,
i i

N N

i i

M f f M

M M

λ λ

= =
λ λ

Δ λ = − = ε =

= ε = ε

                        (3.1.5) 

 
iλε –   i-   , -

   .   2

i
M λε   -

  

2

2

2
, ;

, ,i

i

i

d
M

d d
λ

σ > λ
ε =

≤ λ
                      (3.1.6) 

 2 –   ( ) . 

,      (3.1.6)  -
    ,   – 

 .    (3.1.5)   -
:       

    .    -
  . ,      -
   id     f,   

   

( )min
λ

Δ λ                                     (3.1.7) 
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  optλ ,   ( )Δ λ .    

       
   ,    -

   optλ . 

        -
,      .   

 

3.1.2.      MathCAD 

   -   -
  λ    -    -

.  
  -   :  

( )1_ _ , , , ,fil wavD Filter H f J J waveletη λ ; 

( )1_ _ , , , ,fil wavD Filter S f J J waveletη λ . 

 : 

fη  –    02 jN = ,  -

  ; 
λ  –   ; 

filJ  –       

 ; 

wavJ  –     -  (  

  0fil wavJ J j≤ < ); 

wavelet  –    - . ,  
(8)daublet ,       -

8. 
     N,  

  . 
,    -   

 MathCAD,   . 1.3.3,    
Wavedef,      Wavelet Extension   

  MathCAD15. 
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 -  1_ _D Filter H , 1_ _D Filter S , -

  ,        
( . .    ). 

 
3.2.     
 

      
     . 

 
3.2.1.   (UNIV- ) 

     [40–42]    -
 j-    ( . .   ) -

 : 

2 lnUNIV
j jNλ = σ ,                        (3.2.1) 

 jN  –     j-   -

.  ,    ,   
 .      

  3.2.1 [41, 42]. 

 3.2.1. ,  f(x)   -
   [0, 1].     optλ  

 soft,    

( )
2

f̂ fM λΔ λ = −                             (3.2.2) 

 N → ∞    

2 lnopt Nλ ≈ σ .                                (3.2.3) 
 

     MathCAD, -
  -  1_ _D Filter Univ ,  -

 -     -
  jλ  (3.2.1).   :  

              ( )1_ _ , , , ,fil wavD Filter Univ f J J wavelet Numη . 
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 : 

fη  –    02 jN = ,  -

  ; 

filJ  –       

 ; 

wavJ  –     -  (  

  0fil wavJ J j≤ < ); 

wavelet  –    . ,  
(8)daublet ,       

8; 
Num  –    :  1Num = ,   

hard;  1Num > ,   soft. 
     N,   -

  . 
!    , -

   (3.2.1),    -
- . 

 
   (3.2.1),     -

   (3.2.2)  N → ∞ , . .   
.    N       

  .   :  

   UNIV
jλ ?       

  ,    
. 

 3.2.1.     2.1.1  -
  0.12ηδ =   0.025ηδ =    optβ  

 ,    

2 lnj jNβλ = β ⋅ σ ⋅ ⋅ ,                                   (3.2.4) 



 86

      -

 ( )
f̂ f

ff

β −
δ β = ,  f̂β  – ,    -

        (3.2.4). 

.   optβ    20    -

 [0.1, 2]       
 .  . 3.4      

    soft:   – 
0.12ηδ = ;  – 0.023ηδ = .  . 3.4   -

    hard     . 
      . 3.1.  

 . 3.1 ,    soft  -
         (3.1.4)  

UNIV
jλ ,    .   hard 

  UNIV
jλ  .  

 

 
                                )                                            ) 

. 3.4.      
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                      3.1 

 
 soft  hard 

0.025ηδ =  0.12ηδ =  0.025ηδ =  0.12ηδ =  

optβ  0.401 0.463 0.857 0.851 

( )f optδ β  0.010 0.043 0.010 0.041 

 
   . 3.5,     

  (   0.12ηδ = ): . 3.5  –  -

  soft; . 3.5  –    
hard.     = 1, . .   -

 UNIV
jλ ( .  (3.2.1)).  

  UNIV
jλ   soft (    -

)     -
 ,        -

    (     
    ( . . 3.5 ).   

 
                                       )                                           ) 

. 3.5.     UNIV
j jλ = λ  

 

,   UNIV
jλ       hard, 

   soft. - ,     
  – .    

  3.2.1    
hard. 
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   soft       
( . .  ),      -

   VisuShrink    -
  

2 ln ,UNIV Nλ = σ  

 N –    .   -
        -

     UNIV
jλ ,    

 .  

 
3.2.2. SURE-  

        
[39, 67].      , -

     (SURE – Stein’s Unbiased Risk 
Estimation).    j-      2 = 1 

  

( ) ( ) ( )
2

, ,
1 1

min , 2
j jN N

j j j k j k
k k

SURE N d If d
= =

μ = + μ − ≤ μ ,     (3.2.5) 

 If ( ) –  ,   1,  
 ,   0 –   ; jN  –  

 j-   .  2 1σ ≠ ,    
  

( )

2

, ,

1 1

min , 2 .
j jN N

j k j k

j j
k k

d d
SURE N If

= =

μ = + μ − ≤ μ
σ σ

      (3.2.6) 

   j-     -
 

SURE SURE
j jλ = σ ⋅μ ,        (3.2.7) 
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 SURE
jμ  –  ,    (3.2.6). 

   SURE
jλ      

soft. 

  [42]    soft ,   -
  

( )
3 22

2,

1

log1
1

jN
jj k

kj j

Nd

N N=

− ≤
σ

 

  SURE
jλ     

UNIV
jλ .         

  j-      -
   SureShring. 

     ( . .   -
    )   -

  : 

( ) ( ) ( )
22

2
, ,

1 1

1
min , 2

N N

j k j k
k k

SURE d If d
N N= =

σ
λ = σ + λ − ≤ λ  

     SUREλ      
 ( )SURE λ , . . 

arg min ( )SURE SUREλ = λ .                      (3.2.8) 

 
3.2.3. FDR-  

       FDR 
(False Discovery Rate)      

[37, 53].    Nj   ,j kd   j-   -

.   p-     

,j kd : 

,
2 1

j k

k

d
p = − Φ

σ
,                         (3.2.9) 
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 ( )Φ ⋅  –     -

   ( )0,1N ,    

  ,    1): 

( )
21

2

x
tx e dt−

−∞

Φ =
π

.                      (3.2.10) 

 kp        

 ( )0,1N    
,

,
j kd

∞
σ

.    kp  -

  , . .  kp   :  

( ) ( ) ( ) ( )1 2 1j jN N
p p p p

−
≤ ≤ ≤ ≤ .       (3.2.11) 

,   k = 1,   m,     -
 k,      

( )k
j

k
p q

N
≤ ⋅ ,        (3.2.12) 

  q ,  ,    [ ]0.1, 0.2    

       -
,     -  

( . .    ).  , -

    FDR
jλ ,    

( )1 1
2

mFDR
j

p
−λ = σ Φ − ,                (3.2.13) 

 ( )1z p−= Φ     (3.2.10), . .  

  ( )p z= Φ .   FDR
jλ   

    hard,  soft. 
 
3.2.4. Bayes-  

       soft. 
   [35, 36, 49] 
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2

ˆ
j

B
j

d

σ
λ =

σ
,                                (3.2.14) 

 ˆ
jdσ  –     -

  j-   ,   
 

1 2

2 2ˆ max ,0
j j

d d
σ = σ − σ .                  (3.2.15) 

 2

jd
σ     j-  , 

   

2 2
,

1

1 jN

j k
kjjd

d
N =

σ = .                           (3.2.16) 

 

 ,  2 2

jd
σ ≤ σ ,  B

jλ = ∞      

, ,
ˆ ( , )B B

j k j k jd soft d= λ                         (3.2.17) 

 j-      . 

  (3.2.14)     -
  BayesShrink. 

 3.2.1.  ,    
     soft,    

   hard.   
 

 3.2.2.      
      2.  -

 ,      (2.3.11).  
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3.2.5. GVC-  

       -
      
      (cross val-

idation method) [2, 10, 12, 17].      -
      [2, 45] 

       -
 [19].        -

 -      [50, 51]. 

  GCVλ      -
 ( . .   )    -

  : 
2

2

0

1 ˆf f
( )

( )
NGCV

N

N

λ−
λ =

λ
,                            (3.2.18) 

 0 ( )N λ –    ,j kd ,   

 , . .       -
. 

  (3.2.18)    
   -   

,  : 

•    soft 

,

2 2
02

10
,( ) ( ( ))

( )
j r

J

j
j k

d

N
GCV d N N

N = <λ

λ = + − λ λ
λ

;    (3.2.19) 

•    hard 

,

2
2

10
,( )

( )
j r

J

j
j k

d

N
GCV d

N = <λ

λ =
λ

.                   (3.2.20)  
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,

2
,

j r

j r

d

d
<λ

      

,j kd ,     .  ,  GCVλ  -

   soft, ,       
 .  
,   0λ >   ( )GCV λ   -

 (   λ )      GCVλ  -
 (3.2.19)      
  (   ). 

 3.2.2.  ,     
 . 2.1 ,   ( )GCV λ       

 0.023  0.12. 

.  60     [0.001, 60]  
  (   soft),  -

       
( )GCV λ .  . 3.6    ( )GCV λ  (  ) 

    0.023ηδ = ,   . 3.6   – 

0.12ηδ = . ,    ( )GCV λ     

    (    
).      hard ( . 3.7). -

 ,   GCVλ     -
 - .  

      -
    2.  :  
•      ( )GCV λ    

     -

 GCVλ   ; 
•        η  

(     0.2  )   -

    GCV
jλ ,   -

    - . 
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              )                                                         ) 

. 3.6.   ( )GCV λ    soft 

 

 
                     )                                               ) 

 
. 3.7.   ( )GCV λ    hard 

 
      -

         
,       -

. 

 ,     -
  GCV      -

 .       
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   ,     
 GCV . , 

( ) 2ln( )j jNλ β = β ⋅ ,                          (3.2.21) 

           

2

2

0

1 ˆf f
( )

( )
NGCV

N

N

β−
β =

β
,                             (3.2.22) 

 

 0 ( )N β  –    ,j kd ,   -

   . 
  (3.2.22)    

   -   
 (  ,    (3.2.18)),  : 

•    soft 

,

2 2
02

10
,( ) ( ( ))

( )
jj k

J

j j j
j

j k

d

N
GCV d N N

N = <λ

β = + − λ λ
β

;    (3.2.23) 

•     hard 

,

2
2

10
,( )

( )
jj k

J

j
j k

d

N
GCV d

N = <λ

β =
β

.            (3.2.24)  

 

,

2
,

jj k

j k

d

d
<λ

     -

 ,j kd ,      jλ , jN  –   

    j-  , 0 ( )jN λ  – 

   j-  ,    jλ  (  -

 ). 
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( . . 3.3.4). 
 
3.3.        

 
        -

,       
. 

 
3.3.1.      
           

        
   -  ( . , [19])   

      -
    (  [2, 4, 12, 17, 54]). -
  -       

.       
   .  

     . 

  ,   -
  T (    -

)   

f̂ fT T= ,                                     (3.3.1) 

      -
  

( )
2

f̂ fTT MΔ = − ,                        (3.3.2) 

 f  – ,       
(   ).    -

  optT ,   ( )TΔ    -

     (3.3.1).  -
 (     [19, . 39–41])   


